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Abstract
In this paper, we study the Kakeya type inequality in Rn for n ≥ 2 by the theory
of multipliers. And we obtain several useful inequalities.
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1 Introduction
In this paper, we study the Kakeya type inequality in Rn for n ≥ 2 by the theory of
multipliers. The main argument is a modification of techniques in Hardy Spaces[10]. By
using a similar strategy, we could obtain several inequalities of the Nikodym maximal
function. Our main results are Proposition3.3 and Theorem3.4.
In 1917, Kakeya[7] proposed a problem to determine the minimal area needed to con-
tinuously rotate a unit line segment in the plane by 180 degrees. In 1928, Besicovitch[1]
proved the measure of such sets could be arbitrary small. Such sets are called Besicovitch
Sets or Kakeya Sets. The Kakeya conjectures states that the Hausdorff dimension of any
Besicovitch Sets in Rn is n. The case for n ≥ 3 is still an open problem. The so-called
maximal Kakeya conjecture (or maximal Nikodym conjecture) is actually a stronger one
that involves the following Kakeya maximal function (or Nikodym maximal function):
f∗δ (ξ) = sup
a∈Rn
1
|T δξ (a)|
∫
T δ
ξ
(a)
|f(y)|dy, (1)
where T δξ (a) is a 1× δ tube centered at a ∈ R
n with the direction ξ ∈ Sn−1.
f∗∗δ (x) = sup
x∈T
1
|T |
∫
T
|f(y)|dy, (2)
∗
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where the supremum is taken over all 1× δ tubes T that contain x ∈ Rn. Formula(1) is
Kakeya maximal function and Formula(2) is Nikodym maximal function. When n = 2,
in [4], Cordoba proved that
‖f∗δ ‖L2(S1) .ε δ
−ε‖f‖L2(R2).
The Kakeya maximal function conjecture is formulated by Bourgain[2] that
‖f∗δ ‖Lp(Sn−1) .ε δ
−ε‖f‖Lp(Rn) (3)
holds for p ≥ n and n ∈ N, and
‖f∗δ ‖Lq(Sn−1) .ε δ
−n
p
+1−ε‖f‖Lp(Rn) (4)
holds for 1 < p ≤ n, q = (n − 1)p′ and n ∈ N. In 1983, Drury proved Formula(4)
for p = (d + 1)/2, q = n + 1 in [5]. In 1991, Bourgain in [2] improved this result for
each n ≥ 3 to some p(d) ∈ ((d + 1)/2, (d + 2)/2). Wolff further improved Bourgain’s
result, and pointed out the Nikodym maximal function conjecture is closely related to
the Kakeya maximal function conjecture:
‖f∗δ ‖Lp(Rn) .ε δ
−ε‖f‖Lp(Rn) (5)
holds for p ≥ n and n ∈ N, and
‖f∗δ ‖Lp(Rn) .ε δ
−n
p
+1−ε‖f‖Lp(Rn) (6)
holds for 1 < p ≤ n, and n ∈ N. Wolff proved that:
‖f∗δ ‖
L
(n−1)(n+2)
n (Rn)
.ε δ
− 2n
n+2
+1−ε‖f‖Lp(Rn) (7)
By the interpolation theory, it is clear that
‖f∗δ ‖Lp(Rn) .ε δ
−n−1
p
−ε
‖f‖Lp(Rn) (8)
holds for p ≥ n and n ∈ N, but Formula(6) is still open for n ≥ 3. Combining a modified
version of Wolff’s multiplicity argument with an auxiliary maximal function, Sogge in[11]
proved the following:
Theorem 1.1 [11] Assume that (M3, g) has constant curvature. Then for f supported
in a compact subset K of coordinate patch and all ε > 0
‖f∗∗δ ‖L
10
3 (M3)
.ε δ
− 1
5
−ε‖f‖
L
5
2 (M3)
. (9)
Yakun Xi in[14] modified Sogge’s strategy to improve Theory1.1 to any dimension n ≥ 3:
Theorem 1.2 [14] Assume that (Mn, g) has constant curvature. Then for f supported
in a compact subset K of coordinate patch and all ε > 0
‖f∗∗δ ‖Lq(Mn) .ε δ
1−n
p
−ε
‖f‖Lp(Mn), (10)
where 1 ≤ p ≤ n+22 , q = (n− 1)p
′.
In this paper, we try a different way to study the Kakeya type inequality which is a
modification of the theory of Classical Hardy Spaces, and we obtain several different
useful inequalities as Proposition3.3 and Theorem3.4.
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2 Preliminaries
Fix n ≥ 2, n ∈ N. We always use n to denote the dimension of the Euclidean space Rn.
For any function f(x) with x ∈ Rn, we use the notation supp f(x) to denote the support
set of f(x) supp f(x) = {x ∈ Rn : f(x) 6= 0}. If x ∈ Rn where x = (x1, x2, · · · , xn),
we use |x|e to denote the magnitude |x|e =
√
x21 + x
2
2 + · · ·+ x
2
n. If α, β ∈ N
n where
α = (α1, α2, · · · , αn), we use |α| to denote the magnitude |α| = α1 + α2 + · · · + αn. We
use ‖.‖p to denote ‖.‖Lp(Rn) for convenience. We use O(R
n) to denote the n × n unit
orthogonal matrix in Rn:
O(Rn) = {A : A−1A = 1, where A−1 is the transposed matrix of A.}
We use S(Rn) to denote the subset of Classic Schwartz Class:
S(Rn) = {φ : ‖φ‖α,β = sup
x∈Rn
|xα∂βxφ(x)|, x ∈ R
n,∀α, β ∈ Nn.}
We use Sα,β(R
n) to denote :
Sα,β(R
n) = {φ ∈ S(Rn) : ‖φ‖α′,β′ ≤ 1, ∀α
′, β′ ∈ Nn, |α′| ≤ |α|, |β′| ≤ |β|.}
For any function g(x), we use the symbol gI(x) and gAI(x) to denote the fixed
functions as following:
gI(x) =
(
1
δ
)n−1
g
(x1
δ
,
x2
δ
,
x3
δ
, · · · ,
xn−1
δ
, xn
)
,
gAI(x) = gI
(
A−1x
)
where A ∈ O(Rn).
If X and Y are two quantities, we use X . Y or Y & X to denote the statement that
X ≤ CY for some absolute constant C > 0. We use X = O(Y ) synonymously with
|X| . Y . More generally, given some parameters a1, · · · , ak, we use X .a1,··· ,ak Y or
Y &a1,··· ,ak X to denote the statement that X ≤ Ca1,··· ,akY for some constant Ca1,··· ,ak
which can depend on the parameter a1, · · · , ak, and define X = Oa1,··· ,ak(Y ) similarly.
We also say that X is controlled by a1, · · · , ak if X = Oa1,··· ,ak(1). We use X ∼ Y to
denote the statement X . Y . X, and similarly X ∼a1,··· ,ak Y denotes X .a1,··· ,ak
Y .a1,··· ,ak X.
For t, ξ ∈ Rn, f ∈ S(Rn) we denote the Fourier transform of f as:
fˆ(ξ) = Ff(ξ) =
∫
Rn
f(t)e−2πi<ξ,t>dt,
and
f(x) = fˆ∨(x),
where < ξ, t >=
∑n
k=1 ξktk and ∨ denote the inverse transform of Fourier transform.
We have to point out that ĝI(ξ) 6= ĝI(ξ), in order not to be confusion, we use (ĝ(ξ))I as
ĝI(ξ) = (ĝ(ξ))I .
For any Υ ∈ S(Rn), we denote MΥf(x) and MSα,β(Rn)f(x) as
MΥf(x) = sup
t>0
|(f ∗Υt)(x)|, MSα,βf(x) = sup
Υ∈Sα,β(Rn)
MΥf(x).
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We define the nontangential maximal functions as following:
(f ∗Υ)▽(x) = sup
|x−y|≤t
|(f ∗Υt)(y)|.
We define the even larger tangential variant M∗∗ΥN depending on a parameter N as fol-
lowing:
M∗∗ΥNf(x) = sup
s∈Rn,t>0
{∣∣∣∣∣
∫
Rn
f(u)
1
tn
Υ
(
x− u− s
t
)(
1 +
|s|
t
)−N
du
∣∣∣∣∣ : t > 0,Υ(x) ∈ S(Rn).
}
Denote the Hardy spaces Hp(Rn) as following (as the definition in[10]): for some α, β ∈
N
n, f is a distribution,
‖f‖Hp(Rn) ∼ ‖MSα,βf‖Lp(Rn) for 0 < p <∞.
It is known that Hp = Lp for 1 < p:
‖f‖Hp(Rn) ∼ ‖f‖Lp(Rn).
We will define another Kakeya type maximal function as following:
MδSα,βf(x) ∼ sup
t>0,A∈O(Rn),Υ∈Sα,β(Rn)
∣∣∣∣∫ f(x− y)ΥIt(A−1y)dy∣∣∣∣ , (11)
where ΥAIt(y) = ΥIt(A
−1y) denotes:
ΥIt(A
−1y) =
1
tn
ΥI
(
A−1y
t
)
,
and
M tδSα,βf(x) ∼ sup
A∈O(Rn),Υ∈Sα,β(Rn)
∣∣∣∣∫ f(x− y)ΥIt(A−1y)dy∣∣∣∣ , (12)
for some t > 0.
Definition 2.1 (ϕ(x)) We choose ϕ(x) as a fixed radial function with ϕ ∈ S(Rn) satis-
fying the following: 
ϕ̂(ξ) = 1, for |ξ|e ≤ 1,
ϕ̂(ξ) = 0, for |ξ|e ≥ 2,
ϕ̂(Aξ) = ϕ̂(ξ) for A ∈ O(Rn).
Lemma 2.2 [10] ψ ∈ S(Rn), for 1 < p <∞ ∀f ∈ Lp(Rn), N >
n
p
we could obtain:
‖M∗∗ψNf‖p .p ‖(f ∗ ψ)▽‖p .p,ψ ‖f‖p.
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Lemma 2.3 [6] Let 0 < c0 < ∞ and 0 < r < ∞. Then there exist constants C1 and
C2(that depend only on n, c0 and r) such that for all t > 0 and for all C
1(Rn) functions
u on Rn whose Fourier transform is supported in the ball |ξ|e ≤ C0t and that satisfies
|u(z)| ≤ B(1 + |z|)n/r for some B > 0 we have the estimate
sup
z∈Rn
1
t
|∇u(x− z)|
(1 + t|z|)n/r
≤ C1 sup
z∈Rn
|u(x− z)|
(1 + t|z|)n/r
≤ C2 (M(|u|
r)(x))1/r ,
where M denotes the Hardy-Littlewood maximal operator.(The constants C1 and C2 are
independent of B and u.)
Lemma 2.4 [Phragmen-Lindelo¨f Lemma] Let F be analytic in the open strip S = {z ∈
C : 0 < Rez < 1}, continuous and bounded on its closure, such that |F (z)| ≤ C0 when
Rez = 0 and |F (z)| ≤ C1 when Rez = 1. Then |F (z)| ≤ C
1−θ
0 C
θ
1 when Rez = θ for any
0 < θ < 1.
3 The Case When 2 ≤ δ−ǫ
3.1 Decomposition of the Phase Space
We define the functions {Φ̂k(ξ)}k for k ∈ Z, k ≥ 0 as follows:
Φ̂0(ξ) = ϕ̂(ξ),
Φ̂k(ξ) = ϕ̂(2
−kξ)− ϕ̂(21−kξ), for k ≥ 1.
Thus we can also write {Φk(x)}k for k ∈ Z, k ≥ 0 as:
Φ0(x) = ϕ(x),
Φk(x) = ϕ2−k(x)− ϕ2−(k−1)(x), for k ≥ 1.
Then we can define the functions {Φ̂k(ξ)}k for k ∈ Z, k ≥ 0 as:
Φ̂0(ξ) = Φ̂0(δξ1, δξ2, . . . , δξn−1, ξn),
Φ̂k(ξ) = Φ̂k(δξ1, δξ2, . . . , δξn−1, ξn), for k ≥ 1.
Thus it is clear that
supp Φ̂k(ξ) ⊆ {ξ ∈ R
n : 2k−1 ≤ |ξ|e ≤ 2
k+1}, for k ≥ 1
and
supp Φ̂k(ξ) ⊆ {ξ ∈ R
n : 2k−1 ≤
(
(δξ1)
2 + (δξ2)
2 + . . .+ (δξn−1)
2 + (ξn)
2
)1/2
≤ 2k+1} for k ≥ 1,
hold. Also we could deduce that:
∞∑
k=0
Φ̂k(ξ) = 1,
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and
Φk(x) = (Φk)I(x),
hold. In the same way, we could define the functions {Ψk(x)}k and {Ψk(x)}k for k ∈
Z, k ≥ 0 as:

Ψ̂0(ξ) = ϕ̂(ξ),
Ψ̂k(ξ) = ϕ̂(δ
−kǫξ)− ϕ̂(δ(1−k)ǫξ), for k ≥ 1,

Ψ0(x) = ϕ(x),
Ψk(x) = ϕδ−kǫ(x)− ϕδ−(k−1)ǫ(x), for k ≥ 1,

Ψ̂0(ξ) = Φ̂0(δξ1, δξ2, . . . , δξn−1, ξn),
Ψ̂k(ξ) = Φ̂k(δξ1, δξ2, . . . , δξn−1, ξn), for k ≥ 1.
Then we could deduce that
supp Ψ̂k(ξ) ⊆ {ξ ∈ R
n : δ(k−1)ǫ ≤ |ξ|e ≤ δ
(k+3)ǫ}, for k ≥ 1
and
supp Ψ̂k(ξ) ⊆ {ξ ∈ R
n : δ(k−1)ǫ ≤
(
(δξ1)
2 + (δξ2)
2 + . . .+ (δξn−1)
2 + (ξn)
2
)1/2
≤ δ(k+3)ǫ} for k ≥ 1,
hold. It is clear that
∞∑
k=0
Ψ̂k(ξ) = 1.
We could also deduce that
Ψk(x) = (Ψk)I(x).
Notice that δ1+(k+3)ǫ|ξ|e ≤ 1 holds, when ξ ∈ supp Ψ̂k(ξ). Thus we could obtain:
ϕ̂(δ1+(k+3)ǫξ) = 1, for ξ ∈ supp Ψ̂k(ξ),
and
Υ̂I(ξ) =
∞∑
k=0
Ψ̂k(ξ)
ϕ̂(δ1+(k+3)ǫξ)
Υ̂I(ξ)ϕ̂(δ
1+(k+3)ǫξ).
We set η̂k1 (ξ) as:
η̂k1 (ξ) =
Ψ̂k(ξ)
ϕ̂(δ1+(k+3)ǫξ)
Υ̂I(ξ).
It is easy to see that η̂k1 (ξ) ∈ S(R
n), thus ηk1 (x) ∈ S(R
n). ∃s ∈ N, such that
2s < δ−2ǫ ≤ 2s+1.
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We set η̂k0 (ξ) as:
η̂k0 (ξ) =
(
Ψ̂0(ξ) + Ψ̂1(ξ)
)
Φ̂k(ξ)
ϕ̂(2−(k+1)δξ)
Υ̂I(ξ).
Notice that 2−(k+1)δ|ξ|e ≤ 1 holds, when ξ ∈ supp η̂k0 (ξ). Thus we could obtain:
ϕ̂(2−(k+1)δξ) = 1 when ξ ∈ supp η̂k0(ξ).
Thus we could also write Υ̂I(ξ) and Υ̂I(Aξ) as follows:
Υ̂I(ξ) =
s∑
k=0
η̂k0 (ξ)ϕ̂(2
−(k+1)δξ) +
∞∑
k=2
η̂k1 (ξ)ϕ̂(δ
1+(k+3)ǫξ) (13)
Υ̂I(Aξ) =
s∑
k=0
η̂k0 (Aξ)ϕ̂(2
−(k+1)δξ) +
∞∑
k=2
η̂k1 (Aξ)ϕ̂(δ
1+(k+3)ǫξ) (14)
where 2s ∼ δ−2ǫ.
3.2 Two Lemmas
Lemma 3.1 For N > 1, N ∈ R, k ∈ N,k ≥ 2, Υ ∈ Sα,β(R
n) with appropriate α, β, we
have ∫
Rn
(1 + δ−(k+3)εδ−1|x|e)
N |ηk1 (x)|dx .α,β,k,N,n,ϕ,ε δ
kε.
Proof. First we will prove that for l ∈ R, l ≥ 0, k ∈ N,k ≥ 2, the following inequality
holds:
|x|l+n+1e |η
k
1 (x)| .α,β,k,l,n,ϕ,ε δ
1+kε+(k+3)lε. (15)
Notice that the following inequality holds for 0 < δ < 1, for any m ∈ N:
|x|2m+2ne |η
k
1 (x)| ≤
((x1
δ
)2
+
(x1
δ
)2
+ . . . +
(xn−1
δ
)2
+ x2n
)m+n
|ηk1 (x)|. (16)
Thus by the formula of integration by parts, we could deduce the following for any
m ∈ N: ((x1
δ
)2
+
(x1
δ
)2
+ . . . +
(xn−1
δ
)2
+ x2n
)m+n
|ηk1 (x)| (17)
=
∣∣∣∣∣
∫
Rn
C
((
∂ξ1
δ
)2
+
(
∂ξ2
δ
)2
+ . . . +
(
∂ξn−1
δ
)2
+ ∂2ξn
)m+n
η̂k1 (ξ)e
2πi<x,ξ>dξ
∣∣∣∣∣ .
Make a variable substitution:
(δξ1, δξ2 . . . δξn−1, ξn)→ (ξ
′
1, ξ
′
2 . . . ξ
′
n−1, ξ
′
n).
We could write Formula(17) as:((x1
δ
)2
+
(x1
δ
)2
+ . . .+
(xn−1
δ
)2
+ x2n
)m+n
|ηk1 (x)| =
1
δn−1
∣∣∣∣∫
Rn
C
(
(△ξ′)
n+mη̂k1 (ξ
′)
)
e2πi<x,ξ>dξ′
∣∣∣∣ ,(18)
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where△ξ is the Laplace Operator: △ξ′ = ∂
2
ξ′1
+∂2ξ′2
+· · ·+∂2ξ′n . Notice that
(
(△ξ′)
n+mη̂k1 (ξ
′)
)
∈
S(Rn). Together with the fact that
supp
(
(△ξ′)
n+mη̂k1 (ξ
′)
)
⊆ {ξ′ ∈ Rn : δ(k−1)ǫ ≤ |ξ′|e ≤ δ
(k+3)ǫ} for k ≥ 2,
we could deduce that
|x|2m+2ne |η
k
1 (x)| .
1
δn−1
∫
Rn
∣∣∣((△ξ′)n+mη̂k1 (ξ′))∣∣∣ dξ′ (19)
. α,β,k,m,n,ϕ,εδ
1+kε+(k+3)mε,
when k ≥ 2m ∈ N. By Lemma2.4 and Formula(19), we could deduce Formula(15). Then
we could obtain the Lemma3.1 directly from Formula(15). This proves the Lemma. 
Lemma 3.2 For N > 1, N ∈ R, k ∈ N,Υ ∈ Sα,β(R
n) with appropriate α, β, 0 ≤ k ≤ s
where 2s ∼ δ−2ǫ, the following two inequalities hold:∫
Rn
(1 + 2−(k+1)δ−1|x|e)
N |ηk0 (x)|dx .α,β,k,N,n,ϕ,ε δ
−2(N+1)εδ−N2−k, (20)
∫
Rn
(1 + 2−(k+1)|x|e)
N |ηk0 (x)|dx .α,β,k,N,n,ϕ,ε δ
−2(N+1)ε2−k. (21)
Proof. For any k ∈ {0, 1, . . . s} and N > 1, N ∈ R, we have
1 .
(
1
2k+1δ2ε
)N+1
. (22)
Notice that 2−(k+1)δ|ξ|e ≤ 1 holds, when ξ ∈ supp η̂
k
0 (ξ). Thus we could obtain:
ϕ̂(2−(k+1)δξ) = 1 when ξ ∈ supp η̂k0(ξ).
Then we could write η̂k0 (ξ) as:
η̂k0 (ξ) =
((
Ψ̂0(ξ) + Ψ̂1(ξ)
)
Φ̂k(ξ)
)
k̂I(ξ).
It is clear that the following Formulas(23)(24)(25)(26)(27) hold:(
∂α1ξ Ψ̂0(ξ)
)∨
(x) = (−2πix)α1ϕI(x) (23)
(
∂α1ξ Ψ̂1(ξ)
)∨
(x) = (−2πix)α1
(
1
δε
)n
ϕI
( x
δε
)
− (−2πix)α1ϕI(x) (24)
for k ≥ 1(
∂β1ξ Φ̂k(ξ)
)∨
(x) = (−2πix)β12knϕI(2
kx)− (−2πix)β12(k−1)nϕI(2
(k−1)x) (25)
for k = 0 (
∂β1ξ Φ̂k(ξ)
)∨
(x) = (−2πix)β1ϕI(x) (26)
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(
∂γ1ξ k̂I(ξ)
)∨
(x) = (−2πix)γ1kI(x). (27)
By Young Inequality, it is clear that:∫
|ηk0 (x)|dx ≤ ‖ (Ψ0 +Ψ1) ∗Φk ∗ΥI‖1 (28)
≤ ‖ (Ψ0 +Ψ1) ‖1‖Φk‖1‖ΥI‖1
.α,β,ϕ 1.
By the formula of integration by parts, we could deduce the following for any m ∈ N:
|x|2n+2me |η
k(x)| =
∣∣∣∣∫
Rn
C
(
(△ξ)
n+mη̂k(ξ)
)
e2πi<x,ξ>dξ
∣∣∣∣ (29)
=
∣∣∣∣∣∣
∑
α1+β1+γ1=2m+2n
(
∂α1ξ Ψ̂1(ξ) + ∂
α1
ξ Ψ̂0(ξ)
)∨
∗
(
∂β1ξ Φ̂k(ξ)
)∨
∗
(
∂γ1ξ Υ̂I(ξ)
)∨
(x)
∣∣∣∣∣∣ .
By Young Inequality, Formula(29) yields:∫
||x|2n+2me η
k
0 (x)|dx ≤
∑
α1,β1,γ1
∥∥∥∥(∂α1ξ Ψ̂1(ξ) + ∂α1ξ Ψ̂0(ξ))∨ ∥∥∥∥
1
∥∥∥∥(∂β1ξ Φ̂k(ξ))∨ ∥∥∥∥
1
∥∥∥∥(∂γ1ξ Υ̂I(ξ))∨ ∥∥∥∥
1
.α,β,ϕ,n,m 1 for m ∈ N. (30)
By Lemma2.4 and Formula(30), we could deduce the following Formula(31).∫
||x|2n+le η
k
0 (x)|dx .α,β,ϕ,n,l 1 for l ∈ R, l ≥ 0. (31)
By Formulas(22)(28)and(31), we could obtain the Formula(20) and Formula(21) to-
gether. This proves the Lemma. 
From Lemma3.1 and Lemma3.2, we could obtain the following inequalities(32)(33)(34).
For N > 1, N ∈ R, k ∈ N,k ≥ 2, A ∈ O(Rn), we have∫
Rn
(1 + δ−(k+3)εδ−1|x|e)
N |ηk1 (Ax)|dx .α,β,k,N,n,ϕ,ε δ
kε. (32)
For A ∈ O(Rn) N > 1, N ∈ R, k ∈ N,0 ≤ k ≤ s where 2s ∼ δ−2ǫ, we have∫
Rn
(1 + 2−(k+1)δ−1|x|e)
N |ηk0 (Ax)|dx .α,β,k,N,n,ϕ,ε δ
−2(N+1)εδ−N2−k, (33)
∫
Rn
(1 + 2−(k+1)|x|e)
N |ηk0 (Ax)|dx .α,β,k,N,n,ϕ,ε δ
−2(N+1)ε2−k. (34)
3.3 MAIN RESULTS
Proposition 3.3 For p > 1 with appropriate α, β, we have∥∥MδSα,βf∥∥p .α,β,p,n,ϕ,ε (1δ
)ε ∥∥(f ∗ ϕδ)▽∥∥p,
and ∥∥MδSα,βf∥∥p .α,β,p,n,ϕ,ε (1δ
)n
p
+ε
‖f‖p.
Kakeya type inequality by multipliers 10
Proof.Notice that f ∈ Lp(Rn) is a distribution, thus for Υ ∈ Sα,β(R
n) with appropriate
α, β, by Formula(14), we could obtain:
sup
t>0,A∈O(Rn)
∣∣∣∣∫ f(x− y)ΥIt(A−1y)dy∣∣∣∣ (35)
≤
∞∑
k=2
sup
t>0,A∈O(Rn)
∣∣∣∣∫
Rn
f(x− y)
∫
Rn
t−nηk1 (A
−1u/t)ϕδ−(k+3)εδt(y − u)dudy
∣∣∣∣
+
s∑
k=0
sup
t>0,A∈O(Rn)
∣∣∣∣∫
Rn
f(x− y)
∫
Rn
t−nηk0 (A
−1u/t)ϕ2−(k+1)δt(y − u)dudy
∣∣∣∣
≤
∞∑
k=2
sup
t>0,A∈O(Rn)
∣∣∣∣∫
Rn
t−nηk1 (A
−1u/t)f ∗ ϕδ−(k+3)εδt(x− u)du
∣∣∣∣
+
s∑
k=0
sup
t>0,A∈O(Rn)
∣∣∣∣∫
Rn
t−nηk0 (A
−1u/t)f ∗ ϕ2−(k+1)δt(x− u)du
∣∣∣∣
≤
∞∑
k=2
sup
t>0,A∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk1 (A
−1u/t)M∗∗ϕNf(x)
(
1 +
|u|e
δ−(k+3)εδt
)N
du
∣∣∣∣∣
+
s∑
k=0
sup
t>0,A∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk0 (A
−1u/t)M∗∗ϕδNf(x)
(
1 +
|u|e
2−(k+1)t
)N
du
∣∣∣∣∣ ,
where 2s ∼ δ−2ǫ. Lemma2.2 and Formulas(32)(34)(35) yield to
∥∥MδSα,βf∥∥p .p,N,n,ϕ,ε (1δ
)Nε
‖(f ∗ ϕδ)▽‖p for p > 1, N > n/p,N ∈ R. (36)
Similar to Formula(35), we could also obtain:
sup
t>0,A∈O(Rn)
∣∣∣∣∫ f(x− y)ΥIt(A−1y)dy∣∣∣∣ (37)
≤
∞∑
k=2
sup
t>0,A∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk1 (A
−1u/t)M∗∗ϕNf(x)
(
1 +
|u|e
δ−(k+3)εδt
)N
du
∣∣∣∣∣
+
s∑
k=0
sup
t>0,A∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk0 (A
−1u/t)M∗∗ϕNf(x)
(
1 +
|u|e
2−(k+1)δt
)N
du
∣∣∣∣∣ .
Notice that 2s ∼ δ−2ǫ, thus Lemma2.2 and Formulas(32)(33)(37) yield to
∥∥MδSα,βf∥∥p .α,β,p,N,n,ϕ,ε (1δ
)N (1
δ
)Nε
‖f‖p for p > 1, N > n/p,N ∈ R. (38)
Let N be N = np + ε, from Formulas(36)(38), then we could prove the Proposition3.3.

Theorem 3.4 For ∞ > p > r > 0, 0 < t ≤ δ−ε, f(x) ∈ Lp(Rn) and supp fˆ(x) ⊆
B(0, 1). Then with appropriate α, β, we could obtain:
∥∥M tδSα,βf∥∥p .α,β,p,n,ϕ,ε (1δ
)4(nr+1)ε ∥∥f∥∥
p
.
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Proof.
By formula(14), we could write M tδSα,βf as following:∣∣∣M tδSα,βf(x)∣∣∣ ≤ ∞∑
k=2
sup
A∈O(Rn)
∣∣∣∣∫
Rn
t−nηk1 (A
−1u/t)f ∗ ϕδ−(k+3)εδt(x− u)du
∣∣∣∣ (39)
+
s∑
k=0
sup
A∈O(Rn)
∣∣∣∣∫
Rn
t−nηk0 (A
−1u/t)f ∗ ϕ2−(k+1)δt(x− u)du
∣∣∣∣
≤
∞∑
k=2
sup
u∈Rn
∣∣∣∣∣∣∣
f ∗ ϕδ−(k+3)εδt(x− u)(
1 + |u|e
δ−(k+3)εt
)n/r
∣∣∣∣∣∣∣ supA∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk1 (A
−1u/t)
(
1 +
|u|e
δ−(k+3)εt
)n/r
du
∣∣∣∣∣
+
s∑
k=0
sup
u∈Rn
∣∣∣∣∣∣∣
f ∗ ϕ2−(k+1)δt(x− u)(
1 + |u|e
2−(k+1)t
)n/r
∣∣∣∣∣∣∣ supA∈O(Rn)
∣∣∣∣∣
∫
Rn
t−nηk0 (A
−1u/t)
(
1 +
|u|e
2−(k+1)t
)n/r
du
∣∣∣∣∣ ,
where 2s ∼ δ−2ǫ.
By Young Inequality, we could deduce that: |f ∗ ϕδ−(k+3)εδt(x)| and |f ∗ ϕ2−(k+1)δt(x)|
are both bounded functions. It is also clear that suppF (f ∗ ϕδ−(k+3)εδt) (ξ) ⊆ B(0, 1),
suppF (f ∗ ϕ2−(k+1)δt) (ξ) ⊆ B(0, 1). We could also deduce that f∗ϕδ−(k+3)εδt ∈ C
1(Rn), f∗
ϕ2−(k+1)δt ∈ C
1(Rn). Thus by Lemma2.3, we could obtain that:
sup
u∈Rn
|f ∗ ϕδ−(k+3)εδt(x− u)|
(1 + |u|e)n/r
≤ C2 (M(|f ∗ ϕδ−(k+3)εδt|
r)(x))1/r , (40)
and
sup
u∈Rn
|f ∗ ϕ2−(k+1)δt(x− u)|
(1 + |u|e)n/r
≤ C2 (M(|f ∗ ϕ2−(k+1)δt|
r)(x))1/r , (41)
hold.
Notice that 2s ∼ δ−2ǫ, thus by Formulas(32)(34)(39)(40)(41), we could deduce that
for ∞ > p > r > 0, 0 < t ≤ 1
∥∥M tδSα,βf∥∥p . α,β,p,n,ϕ,ε ∞∑
k=2
δkε
∣∣∣∣∫
Rn
|f ∗ ϕδ−(k+3)εδt|
p(x)dx
∣∣∣∣1/p
+
s∑
k=0
δ−2(
n
r
+1)ε2−k
∣∣∣∣∫
Rn
|f ∗ ϕ2−(k+1)δt|
p(x)dx
∣∣∣∣1/p
. α,β,p,n,ϕ,ε
(
1
δ
)4(nr+1)ε ∥∥f∥∥
p
.
When 1 < t ≤ δ−ε, notice that
sup
u∈Rn
∣∣∣∣∣∣∣
f ∗ ϕ2−(k+1)δt(x− u)(
1 + |u|e
2−(k+1)t
)n/r
∣∣∣∣∣∣∣ ≤ tn/r supu∈Rn
∣∣∣∣∣∣∣
f ∗ ϕ2−(k+1)δt(x− u)(
1 + |u|e
2−(k+1)
)n/r
∣∣∣∣∣∣∣
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holds. Then by Formulas(32)(34)(39)(40)(41), we could deduce that for ∞ > p > r > 0,
1 < t ≤ δ−ε
∥∥M tδSα,βf∥∥p . α,β,p,n,ϕ,ε ∞∑
k=2
δkε
∣∣∣∣∫
Rn
|f ∗ ϕδ−(k+3)εδt|
p(x)dx
∣∣∣∣1/p
+
s∑
k=0
δ−3(
n
r
+1)ε2−k
∣∣∣∣∫
Rn
|f ∗ ϕ2−(k+1)δt|
p(x)dx
∣∣∣∣1/p
. α,β,p,n,ϕ,ε
(
1
δ
)4(nr+1)ε ∥∥f∥∥
p
.
This proves the Theorem. 
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